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ABSTRACT 

Quantum-mechanical c a l c u l a t i o n s  of  t h e  d i f f e r e n t i a l  c r o s s  

s e c t i o n  f o r  t h e  small-angle e las t ic  s c a t t e r i n g  o f  heavy p a r t i c l e s  

are c a r r i e d  o u t  t o  e s t a b l i s h  more d e f i n i t e l y  t h e  r e g i o n  o f  v a l i d i t y  

of  t h e  c lass ica l  approximat ion .  Four r e s u l t s  are d i s c u s s e d :  

(1) The Massey-Mohr p h a s e - s h i f t  fo rmula  c o r r e s p o n d s  t o  t h e  

Kennard s m a l l - a n g l e  s c a t t e r i n g  fo rmula  i n  t h e  semiclassical 

l i m i t .  (2) The S c h i f f  approx ima t ion  f o r  t h e  c r o s s  s e c t i o n  is 

e x a c t l y  t h e  s a m e  as t h e  semiclassical approx ima t ion  a t  s m a l l  

a n g l e s ,  f o r  any c e n t r a l  p o t e n t i a l .  (3) A t  v e r y  s m a l l  a n g l e s  t h e  

semiclassical l i m i t  f o r  t h e  d i f f e r e n t i a l  cross s e c t i o n  v a r i e s  as 

e x p  (-ce ) ,  where c is a f u n c t i o n  of  v e l o c i t y  f o r  which  e x p l i c i t  

e x p r e s s i o n s  are g iven .  (4) The first quantum d e v i a t i o n  from t h e  

c lass ica l  l i m i t ,  which  is p r o p o r t i o n a l  t o  -K , c a n  be combined w i t h  

t h e  p r e c e d i n g  r e s u l t  t o  g ive  a r e a s o n a b l e  r e p r e s e n t a t i o n  of t h e  
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d i f f e r e n t i a l  c r o s s  s e c t i o n  over  t h e  e n t i r e  r ange  of s m a l l  a n g l e s  

f o r  which quantum d e v i a t i o n s  are a p p r e c i a b l e .  D e t a i l e d  calcula- 

t i o n s  for some s p e c i f i c  sys tems are made, and it is shown t h a t  

Wu's misg iv ings  over  t h e  c l a s s i c a l  i n t e r p r e t a t i o n  of t h e  

e x p e r i m e n t a l  r e s u l t s  of Amdur and coworkers  are u n j u s t i f i e d .  

/+u THO/ 



I. INTRODUCTION 

It  is w e l l  known t h a t  t h e  c lass ical  t r e a t m e n t  of heavy 

p a r t i c l e  s c a t t e r i n g  a lways  f a i l s  a t  s u f f i c i e n t l y  s m a l l  s c a t t e r i n g  

a n g l e s ,  s o  t h a t  measurements of molecu la r  beam s c a t t e r i n g  canno t  

be ana lyzed  i n  t e r m s  of c l a s s i c a l  mechanics  i f  t h e  o b s e r v a t i o n s  

i n c l u d e  c o n t r i b u t i o n s  from these s m a l l  a n g l e s .  For i n s t a n c e ,  

Wu h a s  q u e s t i o n e d  t h e  c lass ical  a n a l y s i s  of t h e  s c a t t e r i n g  

r e s u l t s  f o r  t h e  He-He system, p a r t i c u l a r l y  t h e  r e s u l t s  of Amdur 

and  Harkness ,=!  which  e x t e n d  down t o  a n g l e s  of t h e  order  of 10-3rad. 

The u s u a l  cr i ter ia3 f o r  t h e  a p p l i c a b i l i t y  of c l a s s i ca l  mechanics  

are s u f f i c i e n t ,  rather t h a n  n e c e s s a r y ,  c o n d i t i o n s ,  however, and 

may w e l l  be too  s t r i n g e n t .  More q u a n t i t a t i v e  c r i t e r i a  f o r  t h e  

v a l i d i t y  of t h e  c l a s s i ca l  approx ima t ion  are therefore d e s i r a b l e .  

Knowledge of t h e  de ta i l s  of t h e  s c a t t e r i n g  i n  t h e  quantum r e g i o n  

would a l s o  be  desirable ,  s i n c e  t h i s  r e g i o n  is e x p e r i m e n t a l l y  

e a s i l y  a c c e s s i b l e  w i t h  low-energy m o l e c u l a r  beams. I n  view of 

t h e  c u r r e n t  i n t e r e s t  i n  molecu la r  beam s c a t t e r i n g  s t u d i e s ,  b o t h  

i n  t h e  t h e r m a l  and high-energy r a n g e s ,  it is of i n t e r e s t  t o  

i n v e s t i g a t e  these q u e s t i o n s  t h e o r e t i c a l l y .  

1 

The pu rpose  of t h i s  paper is t o  c a r r y  th rough  t h e  quantum 

c a l c u l a t i o n s  of t h e  d i f f e r e n t i a l  cross s e c t i o n  a(@) f o r  s m a l l -  

a n g l e  e l a s t i c  s c a t t e r i n g ,  and t o  u s e  these c a l c u l a t i o n s  t o  

es tab l i sh  more definitely t h e  r e g i o n  nf v a l i d i t y  c!f t he  classical 

a p p r o x i m a t i o n .  P a r t i c u l a r  a t t e n t i o n  is paid t o  t h e  e x p e r i m e n t a l  

r e s u l t s  of Amdur and coworkers. 
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The u s u a l  c r i t e r i o n  for t h e  a p p l i c a b i l i t y  of c la s s i ca l  

mechanics  is t h a t  t h e  u n c e r t a i n t y  i n  t h e  momentum of a c o l l i d i n g  

sys t em be s m a l l  compared t o  t h e  momentum t r a n s f e r r e d  i n  t h e  

c o l l i s i o n .  (Another c r i t e r i o n ,  t h a t  t h e  d e  B r o g l i e  wavelength  

be s m a l l  compared t o  t h e  range of t h e  s c a t t e r i n g  f i e l d ,  is u s u a l l y  

w e l l  s a t i s f i e d . )  The momentum u n c e r t a i n t y  is u s u a l l y  t a k e n  t o  

be abou t  

( o f t e n  t a k e n  t o  be t h e  c lass ical  d i s t a n c e  of c l o s e s t  a p p r o a c h ) ,  

and t h e  momentum t r a n s f e r r e d  i n  s m a l l - a n g l e  s c a t t e r i n g  is approx- 

i m a t e l y  pve ,  where p is t h e  r educed  m a s s ,  v t h e  r e l a t i v e  v e l o c i t y ,  

and 0 t h e  r e l a t i v e  d e f l e c t i o n  a n g l e .  475 

. i i / (2pvro0)<<l .  

r a t i o  v a r i e d  from 0.18 t o  0 .12 ,  n o t  e x t r e m e l y  s m a l l  compared t o  

u n i t y ,  b u t  h a r d l y  large enough t o  be c e r t a i n  t h a t  t h e  c lass ica l  

a p p r o x i m a t i o n  is i n v a l i d .  

e v i d e n c e  i n d i c a t i n g  t h a t  t h e  c lass ica l  approx ima t ion  is p robab ly  

v a l i d  f o r  a n a l y z i n g  h i s  measurements,  b u t  t h e  i m p o r t a n t  q u e s t i o n  

of a more q u a n t i t a t i v e  c r i t e r i o n  of v a l i d i t y  r ema ins  open.  

f i / ( 2 r o ) ,  w h e r e  ro is t h e  r a n g e  of t h e  s c a t t e r i n g  f i e l d  

The c r i t e r i o n  t h u s  becomes 

For Amdur and Harkness '  He-He r e s u l t s ,  t h i s  

Amdur' h a s  c i t e d  independen t  i n d i r e c t  

A rough  q u a n t i t a t i v e  c r i t e r i o n  f o r  c lass ica l  s c a t t e r i n g  

w a s  g i v e n  l o n g  ago  by Massey and M ~ h r ~ ~  f o r  t h e  case of  r i g i d  

s p h e r e s  of  d i a m e t e r  ro, which w a s  t h a t  t h e  c lass ica l  r e s u l t  w a s  

v a l i d  f o r  a n g l e s  l a r g e r  t h a n  a "c r i t i ca l "  a n g l e  Q C ,  whose v a l u e  is 

a p p r o x i m a t e l y  
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where k =pv/* is t h e  wave number of t h e  r e l a t i v e  momentum. 

r e s u l t  c a n  be ex tended  t o  o t h e r  t h a n  r i g i d  s p h e r e s  by i n t e r p r e t i n g  

r as t h e  c lass ica l  d i s t a n c e  of c l o s e s t  approach  f o r  s c a t t e r i n g  

th rough  t h e  a n g l e  O C .  7b When t h i s  is done, and t h e  r e s u l t s  

compared w i t h  t h e  f e w  r e l e v a n t  e x p e r i m e n t a l  measurements i n v o l v i n g  

beams of  t h e r m a l  e n e r g i e s ,  it a p p e a r s  t h a t  t h e  c lass ical  v a l u e s  

may h o l d  a c c u r a t e l y  r i g h t  down t o  8 and b e g i n  t o  d e v i a t e  o n l y  

f o r  smaller a n g l e s .  There is no s p e c i a l  r e a s o n  t o  t h i n k  t h e  

s i t u a t i o n  d i f f e r e n t  f o r  high ene rgy  beams. I n  L a r m s  of t h e  

c r i t i c a l  a n g l e ,  t h e  p r e v i o u s  s u f f i c i e n t  c o n d i t i o n  for classical  

s c a t t e r i n g  becomes 8>>a /27r, w h i c h  indeed  seems t o o  s t r i n g e n t  a 

c r i t e r i o n .  Our d e t a i l e d  c a l c u l a t i o n s  c o n f i r m  these  c o n c l u s i o n s ,  

and a l s o  y i e l d  a n  e x p l i c i t  g e n e r a l  formula  f o r  o ( 0 )  i n  t h e  s m a l l -  

a n g l e  quantum r e g i o n .  T h i s  c a n  be combined w i t h  a n  e x p r e s s i o n  

f o r  t h e  i n i t i a l  d e v i a t i o n s  from t h e  c lass ical  c-r(e), s o  t h a t  t h e  

whole a n g u l a r  r e g i o n  from 8 - 0  t o  t h e  c lass ica l  l i m i t  is f a i r l y  

w e l l  cove red .  

T h i s  

0 

C’ 

C 

11. GENERAL FORMULAS 

The g e n e r a l  problem is t o  f i n d  s o l u t i o n s  of t h e  

S c h r o e d i n g e r  wave e q u a t i o n  f o r  a p a r t i c l e  of m a s s  p and wave number 

k, moving i n  a s c a t t e r i n g  p o t e n t i a l  f i e l d  V ( r > ,  1 0  
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2 where  U- 2pV/5 . The s o l u t i o n  must have t h e  a s y m p t o t i c  form 

'$+ e x p  ( . i k z )  + r-lf ( 8 ) e x p ( i k r ) ,  (3) 

where  t h e  z - a x i s  is chosen  a l o n g  t h e  d i r e c t i o n  of i n c i d e n c e  of  

t h e  beam. The q u a n t i t y  f ( 8 )  is t h e  scattered ampl i tude ,  which  

d e t e r m i n e s  t h e  d i f f e r e n t i a l  cross s e c t i o n  a c c o r d i n g  t o  t h e  

f o r m u l a  

w h i c h  is v a l i d  when t h e  beam and s c a t t e r i n g  p a r t i c l e s  are 

d i s t i n g u i s h a b l e .  If t h e  c o l l i d i n g  p a r t i c l e s  are i n d i s t i n g u i s h a b l e ,  

t h e  wave f u n c t i o n  must s a t i s f y  c e r t a i n  symmetry c o n d i t i o n s ,  and 

Eq.(4)  must be mod i f i ed  because t h e  scattered beam p a r t i c l e s  

c a n n o t  be d i s t i n g u i s h e d  from t h e  r eco i l  s c a t t e r i n g  par t ic les .  7 , l l  

However, a l l  t h e  e x p e r i m e n t s  t o  which w e  s h a l l  refer are concerned  

w i t h  p a r t i c l e s  wh ich  are i n  practice d i s t i n g u i s h a b l e ,  and so  

these p o i n t s  do n o t  conce rn  u s .  
12 

T h e r e  are t w o  u s u a l  methods of s o l v i n g  t h i s  problem: 

t h e  method of p a r t i a l  waves, 7710711 and a n  i n t e g r a l  e q u a t i o n  

method 4'13 which  l e a d s  t o  t h e  i n f i n i t e  Born series. 

A .  Phase -Sh i f t  S e r i e s  

The method of p a r t i a l  waves g i v e s  t h e  s c a t t e r e d  a m p l i t u d e  

i n  t e r m s  o f  t h e  phase  s h i f t s  6R f o r  t h e  p a r t i a l  waves of  t h e  

a s y m p t o t i c  s o l u t i o n ,  7 ,  10 ,  1:l 
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where a is t h e  a n g u l a r  momentum quantum number and t h e  Pa (cos e) 
are Legendre po lynomia l s .  A q u a n t i t y  o f t e n  de t e rmined  e x p e r i m e n t a l l y  

is t h e  " t o t a l "  s c a t t e r i n g  c r o s s  s e c t i o n ,  

s ( e o ) =  2n o ( B ) s i n e  d e ,  s 
w h e r e  G o  is t h e  a n g u l a r  a p e r t u r e  ( r e s o l v i n g  power) of  t h e  a p p a r a t u s . .  

For eo=.07 E q . ( 6 )  c a n  be i n t e g r a t e d  t o  g i v e  t h e  t r u e  t o t a l  c r o s s  

s e c t i o n ,  a, 1 0 , l l  

A t  8 = 0 w e  have Pa (1)=19 and comparison of Eqs.  ( 5 )  and (7) g i v e s  a 

g e n e r a l  r e l a t i o n  between S ( 0 )  and t h e  imaginary  p a r t  of f ( O ) ,  11 

S (0) = (47r/k) I m  [ f (  O ) ] .  

An approx ima te  fo rmula  f o r  S(0) i n  terms of  f ( 0 )  c a n  be  o b t a i n e d  

by s u b s t i t u t i n g  Eq. ( 5 )  back i n t o  Eq. (4) and w r i t i n g  

2 

+ 1 ) ( 2  s i n 2 6  ) P  ( C O S  e )  a a  

+(4k2)-1(X(2e+i ) (s in  a 26 a ) P  .a (cos @)I . ( 9 )  

Under some c i r c u m s t a n c e s  i t  is p e r m i s s a b l e  t o  n e g l e c t  t h e  second 

summation o n  t h e  r i g h t  compared t o  t h e  f irst  summation, i n  which 



6 

7 case w e  o b t a i n  t h e  s i m p l e  approx ima t ion  

I -  

1' 

The phase  s h i f t s  6 j  are t o  be c a l c u l a t e d  by i n t e g r a t i o n  

( u s u a l l y  numer i ca l )  of t h e  r a d i a l  wave e q u a t i o n .  S i n c e  such  

i n t e g r a t i o n  is ve ry  l a b o r i o u s  except f o r  a few s i m p l e  forms 

of V ( r ) ,  app rox ima t ions  are u s u a l l y  i n t r o d u c e d  i n  t h e  c a l c u l a t i o n  

of t h e  h R .  

B. I n f i n i t e  Born S e r i e s  

A fo rma l  s o l u t i o n  of t h e  wave e q u a t i o n  (2) w i t h  t h e  

correct a s y m p t o t i c  form can be o b t a i n e d  i n  t h e  form of a n  

i n t e g r a l  e q u a t i o n  4 

where a... n is a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of I-, and dT1-dx ldy ldz l .  

E q u a t i o n  (11) c a n  be so lved  by l t e r a t i o n ,  s o  t h a t  f ( 6 )  is 

o b t a i n e d  as t h e  i n f i n i t e  Born ser ies  

where 

<iZ j 

(13) 
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The f i r s t  tern of t h e  series y i e l d s  t h e  u s u a l  f i r s t  Born 

approx ima t ion ;  h i g h e r  terms are v e r y  l a b o r i o u s  t o  calculate  

u n l e s s  approximat  i o n s  are made. 13 

I I I ,  APPROXIMATION METHODS 

A. S e m i c l a s s i c a l  Approximation 

I n  t h e  summation over  phase  s h i f t s  o f  Eqs.  (51, (7), and 

( 9 ) ,  a l a r g e  number of terms are r e q u i r e d  i n  a l l  cases e x c e p t  t h e  

s c a t t e r i n g  of v e r y  l i g h t  p a r t i c l e s  a t  v e r y  l o w  e n e r g i e s  

( c o r r e s p o n d i n g  t o  t e m p e r a t u r e s  fa r  below room t e m p e r a t u r e ) .  

Fu r the rmore ,  it is t h e  phase s h i f t s  f o r  l a r g e  which are t h e  

most i m p o r t a n t .  I t  is t h e r e f o r e  a good a p p r o x i m a t i o n  t o  r e p l a c e  

t h e  summations o v e r  R by i n t e g r a t i o n s  o v e r  dl?, p rov ided  of c o u r s e  

t h a t  one c a n  a l s o  approximate  b o t h  PR and hl? as c o n t i n u o u s  f u n c t i o n s  

of R .  These t h r e e  approx ima t ions  c a n  a l l  be  made, and t o g e t h e r  

c o n s t i t u t e  what is cal led t h e  semiclassical t r e a t m e n t  of s c a t t e r i n g .  

A p a r t i c u l a r l y  thorough and l u c i d  d i s c u s s i o n  of t h e  semiclassical 

method h a s  been g i v e n  by Ford and Wheeler.  
1 4  

The PR are r e p r e s e n t e d  by t w o  a s y m p t o t i c  f o r m u l a s  v a l i d  
14,15 

for l a r g e  a ,  one v a l i d  f o r  s m a l l  a n g l e s  (s inG<l/ l?) ,  

where Jo is t h e  B e s s e l  f u n c t i o n  of  o r d e r  zero, and t h e  o t h e r  

v a l i d  f o r  l a r g e  a n g l e s  ( s i n e >  l / R ) ,  
1 4 , 1 6  
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1 

where 

The 61? are r e p r e s e n t e d  by t h e  JWKB approx ima t ion ,  w i t h  

t h e  Langer m o d i f i c a t i o n  of r e p l a c i n g  l ? < a + l )  by (i?+z) 1 2  . L e t t i n g  
b =  (i?a&)/k, w e  can  w r i t e  t h i s  app rox ima t ion  as 4 , 1 4  

where t h e  lower  l i m i t  of each  i n t e g r a l  is t h e  zero of  its i n t e g r a n d .  

The l i m i t  ro is t h e  ana logue  of t h e  c lass ica l  t u r n i n g  p o i n t  of t h e  

mot ion  ( t h e  d i s t a n c e  of  c l o s e s t  approach  i n  s c a t t e r i n g ) ,  and t h e  

l i m i t  b is t h e  ana logue  of t h e  c l a s s i ca l  impact  pa rame te r .  Direct 

d i f f e r e n t i a t i o n  of Eq.(17)  l e a d s  t o  t h e  semiclassical  r e l a t i o n  

between t h e  phase  s h i f t s  and t h e  c lass ica l  d e f l e c t i o n  a n g l e ,  4 , l l  

For l a r g e  a a f u r t h e r  s i m p l i f i c a t i o n  of  Eq.(17) is 

p o s s i b l e ,  because  ro is t h e n  a l s o  l a r g e  and approx ima te ly  e q u a l  

tl7l.- --ml..- --I? TT/,\ fs +l.----I?--- - - A l l  +L-- . . -Ln. .+ +LA -m---  
b11GI GIUI G 3 1 1 1 4 A A  b l 1 I  U U ~ l l U U  I, b l l G  I 4 l l s G  

+,-. 
b u  t;. v a A u c  u A  u \ I /  

o f  i n t e g r a t i o n ,  and t h e  f i r s t  i n t e g r a n d  c a n  t h e n  be expanded i n t o  

a b i n o m i a l  series and tlhe two i n t e g r a l s  combined. The r e s u l t  is 



7 b  T h i s  app rox ima t ion  was first proposed  by Massey and Mohr 

. A  z 

U 0 I 

( s e e  a l s o  Landau and L i f s h i t z ” ) .  

Massey-Mohr approx ima t ion  f o r  t h e  phase  s h i f t s  is t h e  Kennard 

The  c l a s s i c a l  ana logue  of t h e  

17 

+ k2 

approx ima t ion  f o r  t h e  d e f l e c t i o n  a n g l e  i n  sma l l - ang le  c l a s s i c a l  

2 
[ b i n  26(b)] P (b ,0 )bdb  , 

s c a t t e r i n g ,  which f o r  rosb can  be w r i t t e n  as  

-3/2 
8 = (b/E!$[Y(b) -v(r)] [1- (b / r )  d r  , 

where E = p v 2 / 2 .  

a re  r e l a t e d  by d i f f e r e n t i a t i o n  a c c o r d i n g  t o  E q . ( 1 8 ) .  

I t  is e a s i l y  v e r i f i e d  t h a t  Eqs .  (19) and(20)  

Combining these  resu l t s ,  w e  c a n  w r i t e  t h e  s e m i c l a s s i c a l  

approx ima t ion  f o r  t h e  t o t a l  s c a t t e r i n g  cross s e c t i o n  as 

S(0) = 8n s i n  6(b)  bdb, 1 
and t h e  scat tered a m p l i t u d e  a s  

f ( e )  = - i k  e x p  2 i 6 ( b )  P ( b , e ) b d b ,  LY I 
where t h e  t e r m  Z ( 2 J +  l)P f r o m  Eq. (5) h a s  been  set  e q u a l  t o  

zero. l1 

a 
T h i s  is v a l i d  except  for 8 = 0 .  The d i f f e r e n t i a l  cross 

s e c t i o n  c a n  be w r i t t e n  as 

(23) 
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which is v a l i d  even  a t  8-  0 .  I n  E q s .  (22) and (23) , P ( b , Q )  is 

g iven  by one of t h e  f o l l o w i n g  t w o  e x p r e s s i o n s ,  depending  on 

whether  8 is smaller or l a r g e r  t h a n  (kb)-’: 

P (b ,0 )  s (&rkb s i n  8 )  s i n  @ - -& 1 

where @ = (kb8 -I- an) as i n  Eq. (16 ) .  I n  Eq. (24) w e  have l i m i t e d  

o u r s e l v e s  on ly  s l i g h t l y  by d i s c a r d i n g  t h e  (cos e )  f a c t o r  which 
R 

appeared  i n  Eq. (14) The e x p r e s s i o n  f o r  d (b) is g iven  by Eq.  (17) 

f o r  a l l  8 ,  and by Eq.(19) f o r  s m a l l  8. I t  shou ld  be mentioned 

t h a t 8  can  be s m a l l  compared t o  u n i t y  bu t  n e v e r t h e l e s s  

c o n s i d e r a b l y  l a r g e r  t h a n  (kb)-’. 

13. Method of S t a t i o n a r y  Phase and t h e  Classical  L i m i t  

The method of s t a t i o n a r y  phase has  been reviewed by 

Eckar t18  and by Erde’lyi,’’ and w e  m e r e l y  q u o t e  t h e  r e s u l t s  

here  s i n c e  w e  need t o  make u s e  of t h e  method. Cons ider  t h e  

i n t e g r a l  
co 

I =[ g ( t ) e x p  
U 

If t h e r e  is a p o i n t T  where  Q is s t a t i o n a r y  w i t h  r e s p e c t  t o  t ,  

i . e .  where @ ‘  ( t )  = 0, t h e n  most of t h e  c o n t r i b u t i o n  t o  t h e  

i n t e g r a l  comes from t h e  v i c i n i t y  of t h i s  s t a t i o n a r y  p o i n t ,  s i n c e  
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e l s e w h e r e  t h e  e x p o n e n t i a l  f a c t o r  o s c i l l a t e s  r a p i d l y  as 0 v a r i e s  

w i t h  t and t h e  o s c i l l a t i o n s  e f f e c t i v e l y  i n t e g r a t e  t o  z e r o .  The 

i n t e g r a l  can  t h e n  be e v a l u a t e d  by expand ing  0 as a Tay lo r  series 

abou t  T and i n t e g r a t i n g  to o b t a i n  

When t h e  e x p o n e n t i a l  i n  Eq.(26) h a s  a r e a l  i n s t e a d  of a n  

imaginary  argument ,  t h i s  approx ima t ion  p r o c e d u r e  is c a l l e d  

L a p l a c e ' s  method. 2* 

e s t i m a t e d  by i n t e g r a t i o n  by p a r t s .  

The remainder  i n  t h e  approx ima t ion  c a n  be 

1 8 , 1 9  

The c l a s s i ca l  l i m i t  of o ( 0 )  is o b t a i n e d  by a p p l y i n g  t h e  

method of s t a t i o n a r y  phase  t o  t h e  semiclassical i n t e g r a l  f o r  f(e) 

g i v e n  i n  Eq. (221, w i t h  j u s t  t h e  first t e r m  f rom Eq. ( 2 5 )  used for 

P(b ,  0 )  : 
rn 

1 1 
f (0) =-kz (2x  s i n e  ) - y [ e x p  ( i o + - )  - e x p ( i 0  - )] bZ db ,  ( 3 3 )  

0 

where @+ -26  (b) 4 @. Depending on t h e  s i g n  of 6 ,  one of  t h e  

e x p o n e n t s  h a s  a s t a t i o n a r y  p o i n t  and t h e  o t h e r  one does  n o t ,  
- 

s o  t h a t  most of t h e  c o n t r i b u t i o n  t o  t h e  i n t e g r a l  comes from t h e  

s t a t i o n a r y  p o i n t  of o n l y  - one of t h e  exponen t s .  To t h i s  

a p p r o x i m a t i o n  w e  c a n  t h e n  write 

fca (@)z P ( k b / s i n @  ) *  12d26/db21-+ exp[ ( i@+)+(in/4)]  - . (29) 

Tak ing  t h e  a b s o l u t e  v a l u e  and making u s e  of Eq . (18 ) ,  w e  o b t a i n  

(30) 
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which is e x a c t l y  t h e  c l a s s i c a l  r e s u l t .  Our r e a s o n  f o r  o u t l i n i n g  

t h i s  well-known d e r i v a t i o n  h e r e  is t o  c a l l  a t t e n t i o n  t o  t h e  

t h i n g s  t h a t  have been dropped i n  o b t a i n i n g  t h e  c lass ica l  r e s u l t ,  

and which must presumably be i n c l u d e d  t o  o b t a i n  a t  least a first 

quantum c o r r e c t i o n .  These a r e :  h i g h e r  t e r m s  i n  t h e  a s y m p t o t i c  

expans ion  of P ( b , e )  i n  Eq. (25) ,  and r ema inde r s  i n  t h e  s t a t i o n a r y  

phase  approx ima t ion  ( i n c l u d i n g  t h a t  one of t h e  0 exponen t s  which 

d i d  n o t  have a s t a t i o n a r y  p o i n t ) .  The u s e  of t h e  JWKB approx ima t ion  

f o r  t h e  phases  is e x p e c t e d  t o  be q u i t e  a c c u r a t e .  The 

r ep lacemen t  of t h e  summation o v e r  ,8 by a n  i n t e g r a t i o n  s h o u l d  a l s o  

be a c c u r a t e ,  and c a n  be checked by t a k i n g  h i g h e r  t e r m s  i n  

t h e  Euler -Maclaur in  summation fo rmula .  22 

C. S c h i f f  Approximation 

The S c h i f f  approximat ion  is o b t a i n e d  by summing t h e  

i n f i n i t e  Born series a f te r  approx ima t ing  each t e r m  by t h e  method 

of s t a t i o n a r y  phase .  l3 For a x i a l l y  symmetr ic  s c a t t e r i n g  p o t e n t i a l s  

S c h i f f ' s  app rox ima t ion  f o r  t h e  t o t a l  c r o s s  s e c t i o n  c a n  be w r i t t e n  

a s  
03 

S(0) = 4 n r  J [1-cos 2 (b)] bdb, 
0 

where 

and  f o r  t h e  s c a t t e r e d  ampl i tude  a t  s m a l l  s c a t t e r i n g  a n g l e s  as 
co 

f (e) = ikS[1-exp(-2i<)] J 0 (qb) bdb, (33) 
0 

where q =  2ksin(8/2). ;=:kQ for s m a l l  a n g l e s .  A t  smal l  d e f l e c t i o n  

a n g l e s  z2=r2-b2  and dz=[1-(b/r)2]-* d r ,  so  t h a t  Eq. (32) becomes 



co 

< (b) = ( 2 k ) - T  U(b, 2) d z  = 1- (b/ r )  "1 -4 d r .  
0 

On comparing t h i s  w i t h  t h e  sma l l - ang le  a p p r o x i m a t i o n  f o r  t h e  

13 

(34) 

phase  s h i f t s  g i v e n  i n  Eq.(19) ( t h e  Massey-Mohr a p p r o x i m a t i o n ) ,  

w e  see t h a t  c(b)  is j u s t  t h e  n e g a t i v e  of  6 ( b ) .  Thus Eq.(31) 

f o r  t h e  t o t a l  c r o s s  s e c t i o n  c o r r e s p o n d s  t o  t h e  semiclassical 

e x p r e s s i o n  g i v e n  i n  Eq .  (21) ( s i n c e  cos 2C-1-2sin 1, and Eq. (33) 

f o r  t h e  scattered ampl i tude  c o r r e s p o n d s  ( excep t  a t  Q=4) t o  t h e  

semiclassical  Eq.(22) w i t h  P r e p l a c e d  by Jo a c c o r d i n g  t o  Eq. (24) .  

A t  s m a l l  a n g l e s ,  t h e r e f o r e ,  t h e  S c h i f f  approx ima t ion  c o r r e s p o n d s  

e x a c t l y  t o  t h e  s e m i c l a s s i c a l  approx ima t ion .  It is g r a t i f y i n g  t h a t  

these two d i f f e r e n t  approx ima t ion  p r o c e d u r e s  y i e l d  t h e  same r e s u l t s .  

T h e i r  e q u i v a l e n c e  seems t o  have escaped  n o t i c e  for some t i m e ,  

however,  and o n l y  r e c e n t l y  h a s  it been n o t i c e d 2 3  t h a t  t h e  two 

p r o c e d u r e s  g i v e  t h e  same r e s u l t  f o r  t h e  t o t a l  cross s e c t i o n  f o r  

i n v e r s e  power p o t e n t i a l s .  W e  see from t h e  f o r e g o i n g  t h a t  t h e  

e q u i v a l e n c e  is more g e n e r a l ,  and h o l d s  f o r  b o t h  t h e  d i f f e r e n t i a l  

and t o t a l  c r o s s  s e c t i o n s  f o r  any c e n t r a l  p o t e n t i a l .  

2 

I V .  CALCULATIONS 

A .  Genera l  Remarks 

TO g e t  a n  a c c u r a t e  e x p r e s s i o n  f o r  d e )  w e  must f i r s t  assume 

a n  a l g e b r a i c  form f o r  V ( r )  f i n d  6(b) f r o m  Eq. (19) by i n t e g r a t i o n ,  

and  t h e n  e v a l u a t e  o ( 0 )  from Eq.(22) or Eq.(23)  bp a n o t h e r  
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. 

i n t e g r a t i o n .  We s h a l l  carry th rough  s u c h  c a l c u l a t i o n s  in d e t a i l  

i n  t h i s  s e c t i o n  f o r  some s imple  forms of  V ( r ) ,  p a r t i c u l a r l y  

i n v e r s e  power r e p u l s i o n s  or a t t r a c t i o n s  f o r  which most of t h e  

i n t e g r a t i o n s  c a n  be  carried o u t  i n  c l o s e d  f o r m ,  b u t  f i r s t  w e  

wish  t o  show t h a t  v e r y  g e n e r a l  approx ima te  r e s u l t s  c a n  be 

o b t a i n e d  w i t h o u t  any assumpt ions  abou t  VCr) o t h e r  t h a n  t h a t  it 

is monatonic .  T h e s e  r e s u l t s  g i v e  a @ )  as a n  e x p l i c i t  f u n c t i o n  

of 8 and S(0) and t o  a rough approx ima t ion  are independent  of 

t h e  form of  V g r ) .  We c o n s i d e r  two cases - v e r y  s m a l l  a n g l e s  

where t h e  d e v i a t i o n s  from c l a s s i c a l  b e h a v i o r  arc l a r g e ,  and 

larger  a n g l e s  where t h e  r e s u l t s  are almost c l a s s i ca l .  

For v e r y  s m a l l  a n g l e s  w e  s t a r t  w i t h  E q .  (23) f o r  a ( @ ) .  

2 S i n c e  6(b)  is l a r g e  and v a r i e s  r a p i d l y  w i t h  b,  t h e  v a l u e  of s i n  6 

osc i l l a t e s  r a p i d l y  between 0 and 1 o u t  t o  S W F ~  l a r g e  v a l u e  of 

b ,  and t h e n  r a p i d l y  decays  t o  0 at s t i l l  l a r g e r  b .  S i m i l a r l y ,  

t h e  v a l u e  of s i n  26 o s c i l l a t e s  between -1 and -1-1 o u t  t o  a 

l a r g e  v a l u e  of b ,  and t h e n  decays  t o  0 .  A rough  approx ima t ion  

c a n  t h e r e f o r e  be o b t a i n e d  by r e p l a c i n g  s i n  6 and s i n 2 6  by t h e i r  

a v e r a g e  v a l u e s  of 1 /2  and 0 ,  r e s p e c t i v e l y ,  o u t  t o  b=bo, and 

s e t t i n g  them e q u a l  t o  zero f o r  b>bo. 

p h a s e  approx ima t ion .  S u b s t i t u t i n g  t h e s e  approx ima t ions  i n t o  

Eq. (23) t o g e t h e r  w i t h  t h e  series e x p r e s s i o n  f o r  Jo, 

2 

T h i s  is a c r u d e  random- 

w e  c a n  i n t e g r a t e  t e r m  by term. The first few terms of t h e  

r e s u l t i n g  s e r i e s  are  n e a r l y  t h e  same as t h o s e  f o r  t h e  series 



15 

e x p a n s i o n  of a n  e x p o n e n t i a l  f u n c t i o n ,  so  t h a t  a n  e x p o n e n t i a l  

c a n  be s u b s t i t u t e d  f o r  t h e  se r ies  expans ion  w i t h  l i t t l e  error 

a t  v e r y  s m a l l  a n g l e s .  Th i s  s u b s t i t u t i o n  is n o t  b a s i c ,  b u t  

mere ly  s e r v e s  t o  c o n s o l i d a t e  t h e  form of t h e  f i n a l  r e s u l t .  The 

vague ly  s p e c i f i e d  parameter  bo is t h e n  e l i m i n a t e d  i n  f a v o r  o f  

S(0) by n o t i n g  from Eq. (21) t h a t  S(0)=2nbo2 i n  t h i s  approx ima t ion ,  

and t h e  f i n a l  r e s u l t  c a n  be w r i t t e n  as 

w i t h  o ( 0 )  g i v e n  approx ima te ly  i n  t e r m s  <si So01 by Eq. (10 ) .  

T h i s  d e r i v a t i o n  t a k e s  i n a d e q u a t e  accoun t  of the b e h a v i o r  
2 of s i n  6 and s i n 2 5 ,  e s p e c i a l l y  f o r  "sbjf-t" po tc :n l i a l s ,  b u t  t h e  

o n l y  e f f e c t  of a more c a r e f u l  c a l c u l a t i o n  is to i n c r o d u c e  one 

c o n s t a n t  i n t o  t h e  exponent of Eq.(36) azd another c o n s t a n t  i n t o  

Eq. (10 ) .  These c o n s t a n t s  are of o r d e r  u n i t y  a?:d depend on t h e  

form assumed for V g r ) ,  but  t h e  dependence of 068)  our 8 is n o t  

affected by t h i s  r e f i n e m e n t .  The e x p r e s s i o n  ( 3 6 )  for o ( e )  is n o t  

e n t i r e l y  new; a v a r i a t i o n  of o ( 0 )  approx ima te ly  a s  exp  ( -8  ) h a s  

been  p o i n t e d  o u t  p r e v i o u s l y  i n  c o n n e c t i o n  w i t h  s c a t t e r i n g  by 

t h e  long-range  r London p o t e n t i a l  (van d e r  Waals p o t e n t i a l ) .  

2 

-6 9Ca, 24 

For l a r g e r  a n g l e s  w e  c a n  o b t a i n  from t h e  f o r e g o i n g  a n a l y s i s  

a rough lower l i m i t  f o r  t h e  c r i t i c a l  a n g l e ,  O c ,  above which 

t h e  c l a s s i c a l  resu l t s  are v a l i d .  W e  have used  t h e  s m a l l - a n g l e  

approx ima t ion  Pzj o u t  i u  an i ~ ~ ~ p a c t  paraiiizter of bo, uIIu - n A  n h f a i n o r l  v u v - - _ . v -  

0 

quantum r e s u l t s  v a l i d  f o r  8<(kbo)- l  a c c o r d i n g  t o  Eq. (24 ) .  

somewhat l a r g e r  a n g l e s ,  w e  may e x p e c t  t h a t  Eq. (25) f o r  P is v a l i d ,  

For 
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and t h e  first term of Eq. (25) y i e l d s  t h e  c lass ica l  r e s u l t ,  Hence 

8 must s u r e l y  be g r e a t e r  t h a n  (kbo)-', o r  
C 

L J 

T h i s  lower l i m i t  is smaller t h a n  t h e  Massey-Mohr v a l u e  of  eC 
g i v e n  i n  E q .  (1) by a f a c t o r  of 7r ( s i n c e  roSbo f o r  s m a l l  

d e f l e c t i o n  a n g l e s ) .  

For l a r g e r  a n g l e s  w e  c a n  a l s o  i n v e s t i g a t e  t h e  e f fec t  of  

k e e p i n g  h i g h e r  t e r m s  i n  t h e  approx ima t ion  f o r  P g i v e n  by E q . ( 2 5 ) ,  

and t h e r e b y  get  some i n d i c a t i o n  of t h e  i n i t i a l  d e v i a t i o n s  from 

t h e  c lass ica l  r e s u l t .  S u b s t i t u t i n g  E q .  (25) i n t o  E q .  (22) w e  

o b t a i n  
co 

0 

which g i v e s ,  by t h e  s t a t i o n a r y  phase  approx ima t ion ,  

1 
f (6)~ T ( k b / s i n  i; ) 1 2 d 2 6 / d b 2  I -g exp  [( + (i7r/4g x 

~ [ 1 - ( 4 k b ) - ~ + . - - &  i(Skb)- '  cote (39) 
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1 From t h i s  w e  o b t a i n ,  on w r i t i n g  c o t  8 1 8 -  + *  e , 

To o b t a i n  an  estimate of magnitudes,  l e t  u s  rewrite t h i s  i n  

t e r m s  of t h e  Massey-Mohr e x p r e s s i o n  f o r  t h e  c r i t i c a l  a n g l e ,  

Qc%n/(kb) : 

S i n c e  Qc is u s u a l l y  less than  0 . 1  rad, t h e  f i r s t  c o r r e c t i o n  

t e r m  w i l l  u s u a l l y  amount t o  less t h a n  2%. The second c o r r e c t i o n  

t e r m  c o n t r i b u t e s  less t h a n  0 .2% a t  t h i s  a n g l e .  W e  t h e r e f o r e  

conclude  t h a t  t h e  major d e v i a t i o n s  from t h e  classical  e x p r e s s i o n  

a t  a n g l e s  less t h a n  eC are n o t  due s o l e l y  t o  t h e  approximat ion  

f o r  P g iven  i n  Eq.  (25).  T h i s  l e a v e s  t h e  s t a t i o n a r y  phase 

approximat ion  to be blamed. 

To o b t a i n  more a c c u r a t e  r e s u l t s  f o r  ~ ( e )  w e  m u s t  now 

assume an  a n a l y t i c  form f o r  t h e  p o t e n t i a l .  

B. Small-Angle Quantum Formulas  

W e  f irst assume a p o t e n t i a l  of t h e  form 

S V ( r )  = + K / r  , 

where K and s are p v a i i i v e  cunsiiariis. Inserting i h i s  i n t o  

Eq. (19) and i n t e g r a t i n g ,  w e  o b t a i n  t h e  Massey-Mohr approximat ion  

f o r  t h e  phase  s h i f t s  7b, 11 

-1 
6 (b) = T-,uKCs [ (s-1)R2kbS-l] = - 4kb 
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where 

L e t  u s  f i r s t  e v a l u a t e  S(0) by s u b s t i t u t i n g  (43) back 

i n t o  t h e  semiclassical Eq. (21) and i n t e g r a t i n g .  If t h e  

i n t e g r a t i o n  v a r i a b l e  is changed from b t o  6 and a n  i n t e g r a t i o n  

by p a r t s  performed,  t h e  remain ing  i n t e g r a l  is  a known form, 25 

and t h e  f i n a l  r e s u l t  is 

where 

A s impler  approximate  i n t e g r a t i o n  h a s  been g i v e n  by Massey and 

Mohr,7b who r e p l a c e d  s i n  6 by its ave rage  v a l u e  of 1/2 o u t  

to b = b * ,  where  b* is t h a t  v a l u e  of b f o r  which  6(b*&1/2, 
2 and replaced sin 6 by b2 for b>b*. 

2 

T h i s  random-phase approxima- 

t i o n  is a n  improvement over  o u r  p r e v i o u s  rough approx ima t ion  of 

s e t t i n g  s i n  6 e q u a l  t o  zero f o r  b>bo, and y i e l d s  t h e  r e s u l t  2 

which is e q u a l  t o  t h e  more a c c u r a t e  r e s u l t  o f  Eq.(46) for 

s=co ( r i g i d  s p h e r e s ) ,  and is 5 t o  7% smaller for s between 10 

and 3 ('7% smaller a t  s -  6). 23 

I t  is a l so  easy  t o  e v a l u a t e  o ( 0 )  by s u b s t i t u t i n g  (43) 

i n t o  t h e  semiclassical  Eq. (23) and p u t t i n g  P(b,O) = 1 . The first 
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t e r m  c a n  be w r i t t e n  i n  terms of S(0) and g i v e s  t h e  p r e v i o u s  

approximate  Eq. (109. The second t e r m ,  i n v o l v i n g  s i n 2 6 ,  was se t  

e q u a l  t o  z e r o  by Massey and Mohr7a i n  t h e i r  t r e a t m e n t  of r i g i d  

s p h e r e s .  T h i s  is c o r r e c t  for r i g i d  s p h e r e s  b u t  p roduces  a p p r e c i a b l e  

e r r o r  f o r  " s o f t "  p o t e n t i a l s  w i t h  f i n i t e  v a l u e s  of  s. The i n t e g r a l  

i n  t h e  second t e r m  is a known form, and t h e  r e s u l t  is 

s o  t h a t  t h e  second t e r m  beconies e q u a l  to the first t e r m  for s - 5  

and dominates  t h e  f i r s t  t e r m  f o r  s(5. Using t h e  s i m p l e r  Massey- 

Mohr approx ima t ion  of t a k i n g  s i n 2 6  e q u a l  t o  zero o u t  t o  b*, and 

e q u a l  t o  26 f o r  b>b*, w e  o b t a i n  a n  e x p r e s s i o n  s imi l a r  t o  Eq. (48 ) ,  

b u t  w i t h  t h e  Massey-Mohr random-phase approx ima t ion  f o r  S(0) as 

g i v e n  by Eq. (47)? and w i t h  t h e  t a n g e n t  t e r n !  r e p l a c e d  as f o l l o w s :  

For t h i s  e x p r e s s i o n  t h e  second t e r m  domina te s  t h e  f i r s t  t e r m  f o r  

s >  4 . 6 9 .  

To e v a l u a t e  a(0) we s u b s t i t u t e  (43) i n t o  (23 ) ,  r e p l a c e  

P by Jo a c c o r d i n g  t o  ( 2 4 ) ,  w r i t e  Jo as t h e  series g i v e n  i n  E q . ( 3 5 ) ,  

and i n t e g r a t e  t e r m  by t e r m  t o  ob ta in  
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where 

Equa t ion  (50) c a n  be approximate ly  summed f o r  sma , ,  v a l u e s  

and p u t  into t h e  more compact e x p o n e n t i a l  form, 

where 

The v a l u e  of f ( s )  is u n i t y  f o r  s = C 3 ( r i g i d  s p h e r e s )  and n o t  

f a r  from u n i t y  f o r  v a l u e s  of s as  l o w  as  6 .  Equa t ion  (53) 

t h e  ser ies  i n  (50) e x a c t l y  t o  t h e  number of t e r m s  w r i t t e n ;  

of e ,  

too  

sums 

h i g h e r  

t e r m s  are  of t h e  c o r r e c t  form, b u t  t h e i r  numer i ca l  c o e f f i c i e n t s  

b e g i n  t o  d e v i a t e  f r o m  t h e  correct v a l u e s .  Equa t ion  (53) t h u s  

becomes i n a c c u r a t e  when t h e  v a l u e  of t h e  exponent  becomes l a r g e r  

t h a n  a b o u t  1/2.  I f  w e  put t h i s  c r i t e r i o n  i n  t e r m s  of t h e  c r i t i c a l  

a n g l e  g i v e n  i n  Eq. ( l ) ,  t a k i n g  ro = [s(O)/m ]*, w e  f i n d  Eq .  (53) 

t o  be a c c u r a t e  for a n g l e s  

T h i s  c o r r e s p o n d s  t o  8<0.45Qc for s = m  and 8<0.318 f o r  s - 6 .  
C, 
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If t h e  i n t e g r a t i o n s  l e a d i n g  t o  E q .  (53) are c a r r i e d  o u t  

by t h e  Massey-Mohr random-phase approx ima t ion ,  r e s u l t s  of t h e  

same form are o b t a i n e d ,  b u t  w i t h  t h e  t a n g e n t  t e r m  i n  f r o n t  of t h e  

e x p o n e n t i a l  r e p l a c e d  as i n  (49) , and w i t h  f (s) i n  t h e  exponent  

g i v e n  by 

The Massey-Mohr approximat ion  a g r e e s  e x a c t l y  w i t h  t h e  more 

a c c u r a t e  c a l c u l a t i o n  f o r  s = " ;  for s = l l  t h e  c o e f f i c i e n t  i n  

f r o n t  of  t h e  e x p o n e n t i a l  is smaller by a f a c t o r  of 0 .955  and 

f (s) is smaller  by a factor of  0 .992 ;  f o r  s=  6 t h e  c o e f f i c i e n t  

is smaller by a f a c t o r  of G.884 and f ( s )  is l a r g e r  by a fac tor  

of 1.046. T h i s  agreement  seems s a t i s f a c t o r y  f o r  most purposes .  

S i m i l a r  r * e s u l t s  can be o b t a i n e d  for a n  e x p o n e n t i a l  

p o t e n t i a l ,  

where A and a are  p o s i t i v e  c o n s t a n t s .  The Massey-Mohr 

a p p r o x i m a t i o n  f o r  t h e  phase s h i f t s  c a n  be i n t e g r a t e d  e x a c t l y  i n  

t e r m s  of t h e  mod i f i ed  Bessel f u n c t i o n  of t h e  second k i n d , 2 6  b u t  

for most p u r p o s e s  t h e  f o l l o w i n g  a s y m p t o t i c  series 26 ,27  is 

s a t i s f a c t o r y :  

x [l +(3/8) (ab1-l- (15/128) ( ab ) -2+  -3 . 
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I n  t h i s  case t h e  i n t e g r a l s  f o r  S(0) and a(@ are b e s t  done by t h e  

Massey-Mohr random-phase approx ima t ion .  The r e s u l t i n g  e x p r e s s i o n  

f o r  S(0) as  a f u n c t i o n  of  v is p a r a m e t r i c  i n  b*: 

S(0) -- 2 7 ~ b * ~ [ 1 +  3 (ab*)- ’+ - .] (59) 

The e x p r e s s i o n  f o r  a(@) a l s o  i n v o l v e s  t h e  pa rame te r  b*, b u t  

t h i s  c a n  be e l i m i n a t e d  i n  f a v o r  of S(0) by i t e r a t i v e  s o l u t i o n  o f  

(59) ,  s o  t h a t  t h e  r e s u l t  c a n  be e x p r e s s e d  i n  the same form as f o r  

t h e  i n v e r s e  power p o t e n t i a l ,  

w h e r e  

G ( a >  = I +  8n [a%(O)] f . . , 

Both  G(a) and g ( a )  depend a l s o  on v e l o c i t y  i m p l i c i t l y  th rough  

t h e  v e l o c i t y  dependence of S ( 0 )  . E q u a t i o n s  (59) - (61) are e a s i l y  

h a n d l e d  n u m e r i c a l l y  by p i c k i n g  a series of a r b i t r a r y  v a l u e s  of b*, 

and f o r  each  one c a l c u l a t i n g  t h e  v a l u e s  of S(0) and of a(@) f rom 

Eqs.  (59) and (61) and t h e n  t h e  c o r r e s p o n d i n g  v a l u e  of v from Eq. (60 ) .  
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C .  I n i t i a l  Quantum D e v i a t i o n s  from t h e  Classical  L imi t  

We have i n d i c a t e d  i n  Sec.IVA t h a t  t h e  i n i t i a l  d e v i a t i o n s  

from t h e  c l a s s i c a l  l i m i t  are due  t o  t h e  u s e  of t h e  s t a t i o n a r y  

phase  approx ima t ion .  S ince  it is d i f f i c u l t  t o  c a l c u l a t e  c o r r e c t i o n  

t e r m s  t o  t h e  s t a t i o n a r y  phase approximation,18919 w e  do n o t  

e x p e c t  t o  o b t a i n  much more from t h i s  approach  t h a n  a n  i n d i c a t i o n  

of t h e  a n g l e  and ene rgy  a t  which t h e  quantum d e v i a t i o n s  b e g i n  

t o  he i m p o r t a n t ,  and hence a more p r e c i s e  estimate of QC t h a n  

t h e  Nassey-Mohr v a l u e  of Eq.(1). Before  p r e s e n t i n g  t h e  r e s u l t s  

of t h i s  c a l c u l a t i o n ,  it is  wor thwhi l e  t o  r e c o r d  t h e  e x p l i c i t  

r e s u l t s  for t h e  c l a s s i c a l  approximat ion .  For t h e  i n v e r s e  power 

p o t e n t i a l  of Eq. (42) Kennard’s  sma l l - ang le  formula  (20) c a n  be 

i n t e g r a t e d  t o  g i v e  17 

where C is g i v e n  by (44 ) .  T h i s  r e s u l t  c a n  o f  course a l s o  be 

o b t a i n e d  by a p p l y i n g  t h e  r e l a t i o n  8 = (2/k) (dhfdb) t o  Eq. (43) 

f o r  t h e  phase  s h i f t s .  From t h e  g e n e r a l  c l a s s i ca l  r e s u l t  t h a t  

S ( e o )  = 7r [b (eo) 3 w e  o b t a i n  

s 

2 

and from t h e  g e n e r a l  c l a s s i c a l  r e l a t i o n  of Eq,(30) we oht .a . in  
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If w e  t a k e  ro i n  E q . ( l )  f o r  OC t o  be  t h e  d i s t a n c e  of 

c l o s e s t  approach  (or t h e  impact parameter )  f o r  a c l a s s i c a l  

s c a t t e r i n g  a n g l e  of 8 t h e n  s u b s t i t u t i o n  o f  (64) i n t o  (1) y i e l d s  

t h e  e x p l i c i t  e x p r e s s i o n  f o r  8 

c 9  

C’ 

1 
If w e  t a k e  ro-[S(0)/2~r]y as  s u g g e s t e d  by Massey and Mohr, and 

u s e  t h e  e x p r e s s i o n  (45) for S(O), w e  o b t a i n  a n  e x p r e s s i o n  e x a c t l y  

l i k e  (671, h u t  m u l t i p l i e d  by t h e  f a c t o r  

T h i s  f a c t o r  is u n i t y  f o r  6- w 9  as  might  be e x p e c t e d ,  and is 

c l o s e  t o  u n i t y  f o r  f l l i i t e  8. For s = l l  it is 1.06’7, and f o r  

s =  6 i t  is  1.000.  Even f o r  s =  3 it f a l l s  o n l y  to 2/71 = 0 . 6 3 7 .  

S i m i l a r  r e s u l t s  ho ld  for t h e  e x p o n e n t i a l  p o t e n t i a l  of 

Eq. ( 5 7 ) .  ‘The Kermaid smal l - .angle  formula (20) c a n  be i n t e g r a t e d  

e x a c t l y  i n  t e r m s  of a modi f ied  Bessel f u n c t i o n  of t h e  second k i n d ,  28 

b u t  t h e  f o l l o w i n g  a s y m p t o t i c  series28’ 29 is u s u a l l y  more 

c o n v e n i e n t  ( f i r s t  o b t a i n e d  by Amdur and Pearlman”) : 

1 
8 ==k(A/E) (nab/2) ”exp (-ab) [l- (1/8) (ab) -l+ (9/128) (ab) -2+ . 3, (69) 

w h i c h  c a n  of course a l so  he o b t a i n e d  by d i f f e r e n t i a t i o n  of Fq-(FiR) 

f o r  t h e  phase  s h i f t s .  I n  p r i n c i p l e ,  S = n b  c o u l d  be found a s  a n  

e x p l i c i t  f u n c t i o n  of 8 by s o l v i n g  Eq.(69) f o r  b ,  b u t  i t  is much 

eas ie r  Lo l e a v e  S as a n  i m p l i c i t  f u n c t i o n  of  8 and c a l c u l a t e  it 

2 
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n u m e r i c a l l y  by t r e a t i n g  b a s  a n  a r b i t r a r y  p a r a m e t e r ,  j u s t  as  

b* was t r e a t e d  i n  connec t ion  w i t h  Eqs. (59 ) - (61 ) .  S i m i l a r l y ,  

i t  is easier  t o  l e a v e  o ( 8 )  a s  a n  i m p l i c i t  f u n c t i o n  of  8 .  From 

Eqs. (30) and (69) t h e  e x p r e s s i o n  f o r  c ( Q )  is 

We do n o t  b o t h e r  t o  w r i t e  down t h e  e x p r e s s i o n  f o r  O C  f o r  a n  

e x p o n e n t i a l  p o t e n t i a l ,  s i n c e  i t  is a t r a r , s ce r ;den ta l  e q u a t i o n  

whose f o r m  depends s l i g h t l y  on whether  we t a k e  ro as  t h e  c lass ical  

d i s t a n c e  of c l o s e s t  approach or u s e  t h e  Massey-Mokr v a l u e  of 

Although ne have seen  t h a t  t h e  Masseg-Mohr phase  s h i f t s  

y i e l d  t h e  same f i n a l  r e s u l t  i n  t h e  c l a s s i ca l  l i m i t  as t h e  Kennard 

s m a l l - a n g l e  fo rmula ,  t h e r e  is sometimes a rea l  advan tage  t o  t h e  

d i r e c t  u s e  of t h e  Kennard formula  when it  is a p p l i c a b l e .  The 

r e a s o n  is t h a t  It is e a s y  t o  improve t h e  Kennard fo rmula  so  t h a t  

i ts range  o f  accu racy  e x t e n d s  t o  l a r g e r  a n g l e s .  A l l  t h a t  is 

n e c e s s a r y  is t o  u s e  t h e  d i s t a n c e  of  c l o s e s t  approach  i n  p l a c e  

of b i n  Eqs. (20),  (64), and (69) f o r  8,  and t h e n  i n  t h e  c a l c u l a t i o n  

of S(Q,) and a (@)  t o  u s e  t h e  c lass ica l  r e l a t i o n ,  

2 2 b = r  0 [l- V(ro ) /E] ,  

where ro is t h e  d i s t a n c e  o f  c l o s e s t  approach .  The improvement 

i n  a c c u r a c y  o b t a i n e d  i n  t h i s  way c a n  be q u i t e  i m p o r t a n t  i n  t h e  
2 9 , 3 1  a n a l y s i s  of e x p e r i m e n t a l  r e s u l t s .  
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We now c o n s i d e r  the corrections t o  t h e  c l a s s i ca l  results.  

The g e n e r a l  method of c a l c u l a t i o n  by t h e  s t a t i o n a r y  phase  

approx ima t ion  h a s  been g iven  by E r d B l y i , ”  and t h e  a p p l i c a t i o n  to 
32 molecu la r  s c a t t e r i n g  problems is p r e s e n t e d  i n  d e t a i l  e l s ewhere .  

W e  t h e r e f o r e  do  not g i v e  d e t a i l s  b u t  on ly  p o i n t  o u t  t h e  s p e c i a l  

f e a t u r e s  f o r  o u r  p a r t i c u l a r  case. I n  g e n e r a l ,  t h e  major  

c o n t r i b u t i o n  ( i . e .  , t h e  c l a s s i c a l  l i m i t )  comes from t h e  

s t a t i o n a r y  p o i n t 9  and t h e  quan.tum corr.t?ct:fans nray come from bo th  

t h e  s t a t i o n a r y  p o i n t  and t h e  end p o i n t s .  81.though t h e  c a l c u l a t i o n  

can be? c a r r i e d  th rough  i n  eomplete ge r a1 i t . y  for airy a r b i t r a r y  

p o t e n l ; i a l ,  for s i m p l i c i t y  we r ~ s t r i e t  .;;he di: ,cussi .on to p o t e n t i a l s  

f o r  w h i c h  t h e  phase  s h i f t  6$ is a m o m t o n i c  f’u:r@tion of a .  
Otherwise i t  is p o s s i b l e  t o  have three (or rr-orc) s t a t i o n a r y  phase  

p o i n t s  c o r r e s p o n d i n g  t o  t h e  t h r e e  ( o r  more) diff:er<*iit; c l a s s i ca l  

impact p a r a m e t e r s  which produce t h e  same absolute v a l u e  of t h e  

s c a t t e r i n g  a n g l e .  *’  l4 

number of i n t e r e s t  i u g  p h y s i c a l  phenomena, ‘‘ we are here concerned  

o n l y  w i t h  t h e  s c a t t e r i n g  a t  s m a l l  a n g l e s ,  which c o r r e s p o n d s  t o  

t h e  ou te rmos t  s t a t i o n a r y  p o i n t  i f  t h r e e  o r  more such  p o i n t s  e x i s t .  

For  c o n c r e t e n e s s ,  w e  a l so  assume t h a t  t h e  p h a s e  s h i f t s  are 

n e g a t i v e ,  c o r r e s p o n d i n g  t o  a r e p u l s i v e  p o t e n t i a l .  The r e s u l t s  are 

b a s i c a l l y  t h e  same f o r  sma l l - ang le  s c a t t e r i n g  by an a t t r a c t i v e  

p o t e n t i a l ,  b u t  t h e  s t a t i o n a r y  p o i n t  t h e n  o c c u r s  i n  t h e  o t h e r  

i n t e g r a l .  

Although such  behia-iiior g i v e s  r i s e  t o  a 

The  r e s u l t s  c a n  be summarized as f o l l o w s .  32 There is no 

c o n t r i b u t i o n  t o  f(3) f rom t h e  end p o i n t s  a t  i n f i n i t y .  There is 
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a s m a l l  c o n t r i b u t i o n  from t h e  end  p o i n t s  a t  t h e  o r i g i n ,  i n c l u d i n g  

a n  o s c i l l a t i n g  t e r m ,  b u t  t h e s e  are of n e g l i g i b l e  magnitude i n  a l l  

cases c o n s i d e r e d  here. The only  c o n t r i b u t i o n  of  impor tance  t h u s  

comes from t h e  s t a t i o n a r y  p o i n t ,  wh ich  g i v e s  a ser ies  f o r  f ( 6 )  i n  

a s c e n d i n g  powers of %1/2. The c o e f f i c i e n t s  of  t h e  t e r m s  i n  5 1/2 , 
3i3/2, e t c .  , are  i d e n t i c a l l y  zero, however, because  t h e  c o n t r i b u t i o n s  

t o  them f r o m  t h e  t w o  s i d e s  of t h e  s t a t i o n a r y  p o i n t  are e q u a l  and 

opposi te .  The r ema in ing  terms i n  i n t e g r a l  powers of 45 are 

a l t e r n a t e l y  r e a l  and imaginary,  and s o  when t h e  e x p r e s s i o n  f o r  f ( 0 )  

is s q u a r e d  t o  o b t a i n  a(@ , t h e  f i n a l  ser ies  c o n s i s t s  o n l y  o f  

powers of i? . T h i s  r e s u l t  might w e l l  have been  a n t i c i p a t e d ,  

because  t h e  quantum c o r r e c t i o n s  t o  t h e  t r a n s p o r t  cross s e c t i o n s  

2 

a s  a series i n %  2 , and these cross s e c t i o n s  are o n l y  we igh ted  

i n t e g r a l s  of u ( 0 )  o v e r  a l l  8 .  The f i n a l  r e s u l t  c a n  be w r i t t e n  i n  

t h e  form 
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and where gca(ti') is g i v e n  by Eq. (30). 

res t r ic ted  t o  s m a l l  a n g l e s  i f  t h e  p o t e n t i a l  is p u r e l y  r e p u l s i v e .  

For p o t e n t i a l s  w i t h  a n  a t t r a c t i v e  component, however, i t  is v a l i d  

g e n e r a l l y  on ly  for s m a l l  a n g l e s .  

T h i s  r e s u l t  is n o t  

For t h e  i n v e r s e  power p o t e n t i a l ,  Eq.('72) becomes 

p a r t i c u l a r l y  s i m p l e  i n  t h e  smal l -angle  l i m i t :  

t h e  n e x t  t e r m  b e i n g  of o r d e r  (kbe)-4 ,  and so on. 

t h a t  t h e  pa rame te r  s of the p o t e r i t i a l  has d i s a p p e a r e d  from t h e  

r e s u l t .  T h i s  c o r r e c t i o n  term is of t h e  same f o r m  as t h e  c o r r e c t i o n  

for t h e  h i g h e r  t e r m s  of t h e  a s y m p t o t i c  ser ies  for P(b ,B) ,  as 

g i v e n  i n  E q .  (401, a l t h o u g h  t h e  c o r r e c t i o n  t e r m  of Eq. ('74) is 

n u m e r i c a l l y  1 6  t i m e s  l a r g e r .  An estimate o f  t h e  magnitude of t h e  

c o r r e c t i o n  t e r m  a t  t h e  c r i t i c a l  a n g l e  c a n  be o b t a i n e d  by s e t t i n g  

8 %7i/(kb): 

I t  is remarkab le  

C 

T h i s  c o r r e c t i o n  is o n l y  about 2.5%, i n d i c a t i n g  t h a t  t h e  c lass ical  

results are a c c u r a t e  t o  a n g l e s  less t h a n  e C 9  as  is conf i rmed by 

t h e  d e t a i l e d  numer i ca l  c a l c u l a t i o n s  i n  t h e  n e x t  s e c t i o n .  

I n t e g r a t i o n  of Eq.( '74)  y i e l d s  t h e  e x p r e s s i o n  for t h e  " t o t a l "  c r o s s  

S C G t i G i i 9  

S ( @ o ) / S c a ( @ o )  = 1 + (l/s) (2kb 0 0  8 ) - 2 - ~  e - - ,  (76) 

where  b o =  be@,). The c o r r e c t i o n  t e r m  is q u i t e  s m a l l ,  even  f o r  

80<ec.* 
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S i m i l a r ,  b u t  more compl i ca t ed ,  e x p r e s s i o n s  h o l d  f o r  t h e  

e x p o n e n t i a l  p o t e n t i a l .  

D. Comnarison w i t h  Exneriment  

A s  examples w e  c o n s i d e r  t h e  r e s u l t s  f o r  two high-energy 

sys t ems ,  He-He and H-He,  and  one t h e r m a l  ene rgy  s y s t e m ,  K-Hg. We 

c o n s i d e r  f irst  t h e  l eas t  f a v o r a b l e  H e - H e  case,  which is Amdur 

and Harkness?  measurement f o r  a 500 e v  Hc. beam (E -250 ev) . The 

ef f ec t  i v c  r e l a t i v e  a p e r t u r e  of  Lhe a p p a r a ~ u s  was2 4 .03  x 10-3rad, 

and w e  ca lcu la te  from Eq. (67) t h a t  t h e  c r i t i c a l  a n g l e  is 

4 . 1 5  x 10m3razl, u s i n g  t h e  paramete r s2  s - 5 . 9 4  and 

I(= 7 . 5 5  x 10-12erg-A . 
f o r  t h i s  case. The smal l -angle  quantum formula  of Eq.(53) is 

drawn as  a s o l i d  c u r v e  i n  its r a n g e  of v a l i d i t y  as g i v e n  by Eq. (55), 

and t h e n  ex tended  somewhat a s  a dashed  c u r v e .  'The a lmos t  

c l a s s i c a l  formula  of  Eq.(74) is drawn down t o  about h a l f  t h e  

c r i t i c a l  a n g l e  0 as a s o l i d  c u r v e ,  and t h e n  e x t r a p o l a t e d  t o  

somewhat smaller  a n g l e s .  T h e  t w o  f o r m u l a s  do n o t  o v e r l a p ,  b u t  

t h e y  come s u f f i c i e n t l y  c l o s e  t h a t  t h e  res t  of  t h e  c u r v e  c o u l d  be 

i n t e r p o l a t e d  w i t h  r e a s o n a b l e  c o n f i d e n c e .  The f i g u r e  shows t h a t  

w e  c a n  u s e  Eq.(76) t o  o b t a i n  a n  es t imate  of  t h e  magnitude of  t h e  

quantum d e v i a t i o n s  i n  Amdur and Harkness '  r e s u l t s ,  and w e  f i n d  

them t o  be less t h a n  1%. For o t h e r  e n e r g i e s  and o t h e r  

a p p a r a t u s e s  30934 t h e  quantum d e v i a t i o n s  are s t i l l  smaller.  

is t h u s  c lear  t h a t  t h e  misg iv ings  of WU' are u n j u s t i f i e d  f o r  He-He .  

os A p l o t  o f  a(0) v s .  0 is s h o m  i n  F i g .  1 

C 

I t  
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A s  a matter of f a c t ,  t h e  d i sag reemen t s  between t h e  quantum- 

mechanica l  c a l c u l a t i o n s  of V ( r )  and t h e  V ( r )  c a l c u l a t e d  from t h e  

s c a t t e r i n g  measurements occur  n o t  for t h e  measurements of Amdur 

and Harkness ,  h u t  f o r  measurements on  a p p a r a t u s e s  f o r  which t h e  

quantum e f f e c t s  s h o u l d  be e s s e n t i a l l y  n e g l i g i b l e  because  of t h e  

l a r g e r  v a l u e s  of 0 The Amdur-Harkness p o t e n t i a l  is r e a l l y  

i n  f a i r l y  good agreement  wi th  quantum-mechanical c a l c u l a t i o n s .  

A s  a chcck on o u r  fo rmulas ,  w e  can c a l c u l a t e  o ( e )  

0' 
35 

2 for He-He u s i n g  an exponential pot.ext, i a l  :MI >h parametrrs  

;tsotcnf, l a1  was c.hoseri a - 4 . 5 5 A  arid A = 6 . 1 8  x 10 ,e rg .  T h i s  

by Amdur axl  Karkness  t o  r e p r o d u c e  the i n v e r s e  power s c a t t e r i n g  

p o t e n t i a l  a t  s m a l l  separations, and a t  l a r g e  s e p a r a t i o n s  t o  j o i n  

t h e  He-Ke s e m i e m p i r i c a l  p o t e n t i a l s  obtaiiied from gas p r o p e r t i e s .  

The r e s u l t s  are snswn i n  Fig.  2 ,  i n  which %he e x p o n e n t i a l  

p o t e n t i a l  has been used  to c a l c u l a t e  t h e  smal l - -angle  quantum 

r e s u l t  and t h e  c l a s s i ca l  r e s u l . t ,  b u t  1101; t h e  a lmost  c lass ica l  

r e s u l t .  Comparison w i t h  1F'ig.l shoxs  t h a t  t h e  r r 2 s u l t s  f o r  t h e  

t w o  p o t e n t i a l s  are q u a l i t a t i v e l y  s i m i l a r ,  and are a l s o  i n  good 

q u a n t i t a t i v e  agreement  for @>eo, which is t h e  r e g i o n  i n v e s t i g a t e d  

e x p e r i m e n t a l l y .  Thus f o r  t h e  i n v e r s e  power p o t e n t i a l  w e  c a l c u l a t e  

( e  ) =  '7.58g2, and f o r  t h e  e x p o n e n t i a l  p o t e n t i a l  w e  c a l c u l a t e  

(8 ) =  7.74A which d i f f e r s  by o n l y  2.1%. The r e g i o n  for  

0,. 1 - 10 

0 
02 

0 

8<G0 

and h e r e  t h e  t w o  r e s u l t s  d i f f e r  by almost a f a c t o r  of  2 as @ - - t o .  +' 
Only a v e r y  s m a l l  pa r t  of  t h i s  d i sag reemen t  c a n  be a t t r i b u t e d  

t o  o u r  ma themat i ca l  approx ima t ions ;  m o s t  o f  i t  is due t o  t h e  f a c t  

of course r e p r e s e n t s  an  e x t r a p o l a t i o n  of t h e  e x p e r i m e n t s ,  
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t h a t  t h e  two p o t e n t i a l s  d o  n o t  a g r e e  a t  t h e  large s e p a r a t i o n s  

c o r r e s p o n d i n g  t o  t h e s e  s m a l l  a n g l e s .  The i n v e r s e  power p o t e n t i a l  

does  n o t  d e c r e a s e  r a p i d l y  enough w i t h  i n c r e a s i n g  r ,  and its 

e x t r a p o l a t i o n  t o  l a r g e  r p r e d i c t s  a much g r e a t e r  magni tude f o r  V 

t h a n  does  t h e  s i m i l a r  e x t r a p o l a t i o n  f o r  t h e  e x p o n e n t i a l  p o t e n t i a l .  

Consequent ly  t h e  smal l -angle  s c a t t e r i n g  around G = 0 is 

c o n s i s t e n t l y  g r e a t e r  f o r  t h e  i n v e r s e  power. However, t h e  

agreement  of t h e  t w o  a(8) c u r v e s  in the regions of 6 c o r r e s p o n d i n g  

t o  t h e  r c g i o r s  of r where t h e  t w o  potentials agre9 shows t h a t  o u r  

ma themat i ca l  r e s u i t s  f o r  t h e  two forms of potGLrr-tial are i n  a c c o r d .  

An even  less f a v o r a b l e  case thas, Be-52 h a s  been  mentioned 

A t  t h e  lowest ene rgy  6 36 by Amdur, namely t h e  H-He sys t em.  

(E-350 ev] we c a l c u l a t e  from Eq.(67) t h a t  8 = 6.88 x lQ-'rad, 

b u t  the e f f e c t i v i  a p e r t u r e  i n  t h i s  case was cn1.y 8 = 2 . 0 1  X 10 r a d .  

For  t h i s  case t h o  sma l l - ang le  quantum r e s u l t s  cannot be c a l c u l a t e d  

C.: 
-3 

0 

f rom t h e  i i r v e r s e  power p o t e n t i a l  o b t a i n e d  by Anidur and Mason, 

because  t h e  v a l u e  of s is so low I s  = 3 . 2 9 ,  K- 3 . 7 5  X 10 12erg-A ) 
OS - 

t h a t  some of  o u r  fo rmulas  d i v e r g e .  W e  have t o  u s e  t h e  

e x p o n e n t i a l  p o t e n t i a l  f o r  t h e  quantum r e s u l t s ,  a l t h o u g h  w e  c a n  

s t i l l  u s e  t h e  i n v e r s e  power p o t e n t i a l  f o r  t h e  c lass ica l  and almost 

c l a s s i ca l  r e s u l t s .  We have o b t a i n e d  a n  e x p o n e n t i a l  p o t e n t i a l  

w i t h  p a r a m e t e r s  a= 1.97Z-l and A =  12.5  e v  by f i t t i n g  bo th  t h e  

i n v e r s e  power s c a t t e r i n g  p o t e n t i a l  and t h e  c r o s s i n g  p o i n t  of t h e  

H-He and H-- H e  p o t e n t i a l  c u r v e s ,  a s  de te rmined  from e l e c t r o n  

de tachment  data .  37 The r e s u l t i n g  c ( 0 )  c u r v e s  are shown i n  F i g . 3 .  

S i n c e  eo f a l l s  d e f i n i t e l y  i n  t h e  sma l l - ang le  quantum regime i n  t h i s  
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case, w e  canno t  u s e  Eq.(76) t o  estimate t h e  magni tude of t h e  

quantum d e v i a t i o n s  f o r  S ( e &  b u t  must r e s o r t  t o  g r a p h i c a l  o r  

numer i ca l  i n t e g r a t i o n .  Using a p l a n i m e t e r ,  w e  f i n d  

S(Bo)/Scj(B ) =- 0.90 .  

measured cross s e c t i o n s  is no b e t t e r  t h a n  a b o u t  16%9 as ev idenced  
36  by agreement  between r e s u l t s  o b t a i n e d  w i t h  d i f f e r e n t  d e t e c t o r s ,  

t h e  quantum e f f e c t s  are t h u s  o n l y  of m a r g i n a l  impor tance  f o r  t h i s  

sys t em.  I t  might  bc no ted ,  however, t h a t  a1 ncs f o r  t h e  

quanrum colr’rl’c I ions . v C - u l c l  improve t h e  ag:s et x t>*:*?: W S ~ ~ I  t h e  

e x p e r i m e n t a l  r e s u l t s  for t h e  t w o  d e t e c t o r s .  

S i n c e  t h e  i n t e r n a l  c o n s i s t e n c y  of t h e  
0 

A s  a f i n a l  example we c o n s i d e r  &he s m a l l - a n g l e  s c a t t e r i n g  

of  a t h e r m a l  beam of K atoms by Kg atoms. T h i s  s c a t t e r i n g  is 

caused  by t h e  long-range  a t  t r ac t ive  London p o t e n t i a l ,  w h i c h  v a r i e s  

a s  rm6, A number of cases of sma l l - ang le  s c a z t c r i n g  by t h e  London 

forces have been e x p e r i m e n t a l l y  i n v e s t i g a k e d  by t h e  group a t  Bonn, 

and w e  have chosen  K-Hg merely as a t y p i c a l  example.  I n  e a r l i e r  

measurements ,  P a ~ l y ~ ~  found S (0) = 2190A 

K =  96 x 10-’Oerg-A 

T h i s  t h e r e f o r e  c o r r e s p o n d s  t o  a r e l a t i v e  v e l o c i t y  of  

i i v -  6 .69  X 10 erg-cm, or t o  a r e l a t i v e  k i n e t i c  ene rgy  o f  0.068 ev.  
-10 O 6  A t  t h i s  v e l o c i t y ,  t h e  more a c c u r a t e  Eq.(46) g i v e s  K = 8 1  x 10 erg-A, 

which is t h e  v a l u e  w e  have used .  The c r i t i c a l  a n g l e  is t h e n  

c a l c u l a t e d  t o  be 5.1 x 10-3rad i n  r e l a t i v e  c o o r d i n a t e s .  The 

c a l c u l a t e d  c u r v e s  f o r  a(@) are shown i n  F i g . 4 ,  and are s e e n  t o  be 

q u a l i t a t i v e l y  s imi l a r  t o  t h e  c u r v e s  of F igs .1 -3 .  The e x p e r i m e n t a l  

r e s u l t s  f o r  this and s i m i l a r  sys t ems  do  indeed  show t h i s  b e h a v i o r ,  

9 

02 and c a l c u l a t e d  t h a t  

‘’ 6 u s i n g  t h e  Massey-Mohr formula  g i v e n  by Eq. (47) .  

-23 

9 
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a l t h o u g h  t h e y  are n o t  shown i n  t h e  o r i g i n a l  p a p e r s  as  approach ing  

t h e  c l a s s i ca l  c u r v e  from above a t  l a r g e  a n g l e s .  However, t h e  

e x p e r i m e n t a l  r e s u l t s  g i v e  only  r e l a t i v e  v a l u e s  of  a(@),  and s o  

a s i m p l e  v e r t i c a l  scale change would y i e l d  c u r v e s  l i k e  F i g . 4 .  

TT. DISCUSSION 

We have d i s c u s s e d  f o u r  ra ther  gener-a1 rssults. The f i r s t  

t w o  are compara t ive ly  minor:  (1) ths-? '2lassu:y-~M'lohi~ f o ~ m u l a  for t h e  

phase  s h i f t s  c o r r e s p o n d s  i n  t h e  semiclassical  limit, t o  t h e  Kennard 

s m a l l - a n g l e  formula  for t h e  c l a s s i ca l  d c f l x t i o n  xng lc* ;  (2) a t  

small a n g l e s  t h e  Si;hiff approx ima t ion  is exactly s,he same as t h e  

semiclassical  approximat  i o n .  

The t h i r d  r e s u l t  i s  m o r e  i m p o r t a n t :  in the semiclassical  

approx ima t ion  t h e  d i f f e r e n t i a l  cross 

for s m a l l  ( 3 .  A rough e x p r e s s i o n  f o r  

by Eq. (361 ,  a?id a c c u r a t e  e x p r e s s i o n s  

and e x p o n e n t i a l  p o t e n t i a l s  are g i v e n  

(63) r e s p e c t i v e l y  . 

aecti .on v a r i e s  as  exp(-ce 2 ) 

c i n  t e r m s  of S49) is g,iven 

f o r  i n v t s s e  power p o t e n t i a l s  

by E q s .  (531 - (54) and E q s .  (61) - 

The f o u r t h  r e s u l t ,  d e r i v e d  i n  d e t a i l  e l s e w h e r e ,  is a n  

e x p r e s s i o n  f o r  t h e  f i r s t  term of a n  a s y m p t o t i c  ser ies  f o r  t h e  

i n i t i a l  d e v i a t i o n s  from t h e  c l a s s i c a l  l i m i t  of de). T h i s  is 

g i v e n  by Eq.(72) w i t h o u t  any ve ry  special  r e s t r i c t i o n s  on t h e  form 

of t h e  p o t e n t i a l ,  and is p r o p o r t i o n a l  t o  3 . Comhined w i t h  t h e  

s m a l l - a n g l e  quantum formula of  t h e  p r e c e d i n g  p a r a g r a p h ,  t h i s  

i n d i c a t e s  t h a t  t h e  accurate a(@) c u r v e  c r o s s e s  t h e  c l a s s i ca l  one 

2 
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and approaches  it from above a s  0 i n c r e a s e s ,  p rov ided  t h a t  any 

o s c i l l a t i n g  component is d i s r e g a r d e d .  Although t h e  t w o  f o r m u l a s  

d o  n o t  o v e r l a p  w i t h o u t  e x t r a p o l a t i o n ,  t h e y  are s u f f i c i e n t l y  close 

t h a t  t h e  i n t e r m e d i a t e  r e g i o n  c a n  p robab ly  be covered  by e x t r a -  

p o l a t i o n  f o r  many cases of i n t e r e s t .  In p r i n c i p l e :  t h e  f o r m u l a s  

c o u l d  be ex tended  somewhat i n  r a n g e ,  b u t  t h e  n e c e s s a r y  

c a l c u l a t i o n s  appea r  t o  be ve ry  l a b o r i o u s .  

'The p r e s e n t  r e s u l t s  i n d i c a t e  t h a t  t h e  Xassey-Mohr 

c r i t e r i a n  for t h e  m-i.ti.ca1 an.gle  3 i.s a reasonable one, b u t  

are  more quant.i:tative. I n  many cases the c lass ica l  

approx ima t ion  may be r easonab ly  ac;cusat;e t o  angl.&.:s c o n s i d e r a b l y  

less t h a n  0 D e t a i l e d  c a l c u l a t i o n s  f o r  Hc+=Re a ~ d  II-Me show 

that; Wu ' s mfsgiwings  abo.ut Arndur ' s  measure.%.oiits are u n j u s t  i f  i e d .  

To show that t h e  de t a i l ed  r e s u l t s  are simi.lar :fsr low-energy 

( the rma l )  beams and long-range i n t e r m o l e c u l a r  forces  c a l c u l a t i o n s  

for K-Hg have also been p r e s e n t e d .  I t  s h o u l d  be emphasized 

t h a t  t h e s e  a1-e v a l i d  oi i ly  f o r  s m a l l - a n g l e  s c a t t e r i n g  where t h e  

r London p o t e n t i a l  is dominant ;  a t  large a n g l e s  t h e  r e p u l s i v e  

pa r t s  of  t h e  p o t e n t i a l  a r e  i m p o r t a n t  and l e a d  t o  s e v e r a l  p o i n t s  

of s t a t i o n a r y  phase ,  g i v i n g  rise t o  such  e f f e c t s  as o r b i t i n g ,  

ra inbows,  and g l o r i e s .  l4 

obse rved  for K-Hg a t  l a r g e  a n g l e s .  

c 

(3 

-6 

The ra inbow e f f e c t  h a s  indeed  been  
39 
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FIGURE CAKTIONS 

F i g .  1 - D i f f e r e n t i a l  c r o s s  s e c t i o n  for He-He a t  E1250 ev,  
as  c a l c u l a t e d  from a n  i n v e r s e  power r e p u l s i v e  
p o t e n t i a l .  Curve A is t h e  s m a l l - a n g l e  quantum 
r e s u l t  a c c o r d i n g  t o  Eq.(53), c u r v e  B is t h e  
c lass ica l  r e s u l t  a c c o r d i n g  t o  Eq. ( 6 6 ) ,  and c u r v e  
C t h e  almost c lass ica l  r e s u l t  a c c o r d i n g  t o  Eq.(74). 

F i g .  2 - Same a s  F i g .  1, b u t  c a l c u l a t e d  i n  part w i t h  a n  
e x p o n e n t i a l  r e p u l s i v e  p o t e n t i a l .  Curve A - 
quantum, Eq. (61) ; curve B - c la s s i ca l ,  Eqs. (69)- 
(70); curve+ C - almost c lass ica l ,  Eq. (74).  

F i g .  3 - D i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  B-He a t  E=350 e v ,  
as  c a l c u l a t e d  from r e p u l s i v e  p o t e n t i a l s .  Curve A- 
quantum, Eq. (61) ; c u r v e  B - c l a s s i l c a l ,  Eq. (66) ; 
c u r v e  6: - a lmost  c l a s s i ca l ?  E q .  (74). 

F i g .  4 - D i f f e r e n t i a l  cross s e c t i o n  f o r  K- g a t  t h e r m a l  
energies, as  c a l c u l a t e d  for an r-' a t t r a c t i v e  
p o t e n t i a l .  The l a b e l l i n g  of  t h e  c u r v e s  is 
e x a c t l y  t h e  same as i n  F i g .  1. 
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